Introduction
This article deals with applications of the Moutard transformation [15] which is a two-dimensional version of the well-known in solitonics Darboux transformation to some problems of the spectral theory of two-dimensional operators and of (2 + 1)-dimensional nonlinear evolution equations.
In particular, the main results consist in the explicit construction of with fast decaying smooth rational potentials such that their L 2 -kernels are nontrivial and, moreover, contain at least two-dimensional subspaces spanned by rational eigenfunctions (see Theorems 2 and 3);
• blow-up of solutions to the Novikov-Veselov (NV) equation, which is a two-dimensional generalization of the Korteweg-de Vries (KdV) equation, with fast decaying rational Cauchy data (see Theorem 4) .
The first construction was already announced and briefly sketched in [19] . For operators with such fast decaying potentials there exists a nice spectral theory [8, 16] . We note that for one-dimensional Schrödinger operators with fast decaying potentials the existence of square-summable eigenfunctions at zero energy level is impossible (see, for instance [8] ) and for higherdimensional operators (i.e., for dimensions greater or equal than 5) one may easily construct such examples for which the kernel contains a smoothing of the Green function of ∆. However for two-dimensional operators these are the first known examples with nontrivial L 2 -kernel.
The Novikov-Veselov equation has the form
and it is the first in the hierarchy of equations which have the form
where A and B are differential operators. Here and everywhere below we use the standard derivatives ∂ = ∂ z = 1 2 (∂ x − i∂ y ),∂ = ∂z = 1 2 (∂ x + i∂ y ) w.r.t. z = x + i y. These equations were introduced in [17] as equations which preserve the zero-level spectrum of H. The principal part of the n-th equation from the NV hierarchy takes the form
where . . . stays for terms of lower order. It follows from the inverse scattering method that solutions to the KdV equation with analytical fast decaying Cauchy data do not blow up and the well-posedness of the Cauchy problem for this equation is established in many functional spaces (see [13] and references therein). However as we show this is not true for its natural two-dimensional generalization.
The examples of blow-up solutions were obtained not by using the inverse scattering method which is not well-developed in this situation. Indeed, the inverse spectral problem for a two-dimensional Schrödinger operator at a fixed energy level was first posed in [6] and has been studied for positive energy levels [10] or levels below the ground state [11] . We think that the study of this problem on the zero energy level will help to understand both phenomena which we discuss in this article.
We also have to remark that our potentials obtained by iterations of the Moutard transformation may be considered as two-dimensional generalizations of one-dimensional rational solitons obtained in the same way using the Darboux transformation (see §2.2). However in the one-dimensional case these potentials are always singular.
Finally we remark that our potentials are constructed by iterations of the Moutard transformation from the constant potential and all such potentials are integrable on the zero energy level in the sense that all solutions to the equation Hψ = 0 may be explicitly constructed via quadratures from linear combinations of harmonic functions. We give the details of this construction in Section 5.
The authors thank P.G. Grinevich and S.P. Novikov for useful discussions.
Darboux and Moutard transformations 2.1 The Darboux transformation
be a one-dimensional Schrödinger operator and let ω satisfy the equation
The function ω determines a factorization of H:
Indeed we have
is the swapping of A and A:
or in terms of u:
It is easy to check the following:
Proposition 1 If ϕ satisfies the equation Hϕ = Eϕ with E = const then ϕ = Aϕ satisfies the equation H ϕ = E ϕ.
Remark 1.
In general the Darboux transformation is defined for any solution to the equation Hω = cω with c = const. In this case it reduces to the transformation of H = H − c for which H ω = 0.
One-dimensional solitons via the Darboux transformation
Let u = 0 and ω = ω 1 = x = τ 1 . Then
The function
is meromorphic in P = (E, λ) on the Riemann surface Γ = {λ 2 = E} and for every E its branches give a basis of solutions to the equation and obtain another potential. In particular, for every n the potential
is obtained after n iterations. The orbit of U n under the Korteweg-de Vries hierarchy is the n-dimensional family M n of potentials. We have [1, 2]:
1. there is a general recursion procedure found by Adler and Moser [1] for deriving the polynomials
In particular, we have
(b) the function
is the potential of H obtained after n iterations of the Darboux transformation (which starts at u 0 = 0). Here τ k , k = 2, . . . , are free scalar parameters (integration constants) which appear one by one at every step of the iteration;
θn we have
2. M n is an n-dimensional family parameterized by τ ∈ C n and consists of the potentials u n (τ 1 + x, τ 2 , . . . , τ n );
3. there are birational transformations τ → t of the form
is the k-th KdV flow;
4. the zeroes x 1 , . . . , x n(n+1)/2 of the polynomials θ n are evolved by the KdV-flows as some integrable Hamiltonian systems and, for instance, for the original KdV equation
their dynamics is described by the Calogero-Moser system.
The Moutard transformation
Let H be a two-dimensional potential Schrödinger operator and let ω be a solution to the equation
Then the (elliptic) Moutard transformation of H (cf. [15] ) is defined as
Proposition 2 If ϕ satisfies the equation Hϕ = 0, then the function θ defined from the system
satisfies Hθ = 0.
Obviously, if θ satisfies (3) then
satisfies (3) for any constant C.
We shall use the following notation for the Moutard transformation:
In the one-dimensional limit the Moutard transformation reduces to the Darboux transformation. Indeed, let u = u(x) depend on x only and ω = f (x)e √ cy . Then f satisfies the one-dimensional Schrödinger equation
and the Moutard transformation reduces to the Darboux transformation of H 0 defined by f :
e. h is a multiple of the Darboux transform of g:
Ag where
Remark 2. There is another two-dimensional generalization of the Darboux transformation called the Laplace transformation. It is defined for a more general operator, i.e. for the Schrödinger operator with an electromagnetic field:
and has the form
So if Hϕ = 0, thenφ = (−∂ + α)ϕ satisfies the equation H ϕ = 0. In the one-dimensional limit it also reduces to the Darboux transformation. Its relation to integrable systems was recently studied in [18] .
Soliton potentials via the Moutard transformation
In [19] we gave simple examples of fast decaying rational potentials of the two-dimensional Schrödinger operator which have a degenerate L 2 -kernel. These examples are constructed using the Moutard transformation as follows. Main construction. Let
be an operator with a potential u 0 = 0 and let ω 1 and ω 2 satisfy the equations
We take the Moutard transformations M ω 1 and M ω 2 defined by ω 1 and ω 2 and obtain the operators
. By the construction, we have
Let us choose some function
and put
These functions define the Moutard transformations of H 1 and H 2 and we obtain the operators H 12 and H 21 with the potentials
The following classical lemma is checked by a straightforward computation which we omit.
Lemma 1
we have
where
We note that in this construction we have a free scalar parameter C (see (4) ) for the choice of θ 1 ∈ M ω 1 (ω 2 ). This parameter can be used in some cases to build a non-singular potential u and functions ψ 1 and ψ 2 . Now let us apply this construction to the situation when
The desired formula for the potential u is given by the following theorem which is derived by simple and straightforward computations which we omit.
Theorem 1 Let
where p 1 and p 2 are holomorphic functions of z. Let us consider the Moutard transformation of the operator H 0 = −∆ defined by ω 1 . Then the corresponding transformation (3) of ω 2 has the form
Therefore the second iteration defined by θ 1 gives us the operator H = −∆+u
The free scalar parameter which we mentioned above appears as the integration constant in (5) .
Let us apply this theorem to obtain some interesting examples of operators. We consider hereafter only the cases when ω 1 and ω 2 are real-valued harmonic polynomials.
Example 1. Let
which in terms of complex polynomials is written as
For some appropriate constant C in θ 1 we obtain u = − 5120(1 + 8x + 2y + 17x 2 + 17y 2 ) (160 + 4x 2 + 4y 2 + 16x 3 + 4x 2 y + 16xy 2 + 4y 3 + 17(x 2 + y 2 ) 2 ) 2 = (7)
and ψ 1 = x + 2x 2 + xy − 2y 2 160 + 4x 2 + 4y 2 + 16x 3 + 4x 2 y + 16xy 2 + 4y 3 + 17(x 2 + y 2 ) 2 , ψ 2 = 2x + 2y + 3x 2 + 10xy − 3y 2 160 + 4x 2 + 4y 2 + 16x 3 + 4x 2 y + 16xy 2 + 4y 3 + 17(x 2 + y 2 ) 2 (8) (here we simplify the expressions for ψ 1 and ψ 2 by multiplying them by some constant). On page 21 we put the graphs of this potential and the solutions ψ 1 , ψ 2 .
Theorem 2 ([19])
The potential u given by (7) is smooth, rational, and decays like 1/r 6 for r → ∞.
The functions ψ 1 and ψ 2 given by (8) are smooth, rational, decay like 1/r 2 for r → ∞ and span a two-dimensional space in the kernel of the
Here and in the next example we put r = x 2 + y 2 . Example 2. Let us take for ω 1 and ω 2 two harmonic polynomials of the third order:
which in terms of complex polynomials take the form
Then the potential u and the functions ψ 1 and ψ 2 take the form
with (as in the previous example we simplify the expressions for ψ 1 and ψ 2 multiplying them by some constant). On pages 21-22 we put the graphs of this potential u and the solutions ψ 1 , ψ 2 .
Theorem 3 ([19])
The potential u given by (10) is smooth, rational, and decays like 1/r 8 for r → ∞. The functions ψ 1 and ψ 2 given by (10) are smooth, rational, decay like 1/r 3 for r → ∞ and span a two-dimensional space in the kernel of the
Remark 3. We guess that for every N > 0 by applying this construction to other harmonic polynomials one can construct smooth rational potentials u and the eigenfunctions ψ 1 and ψ 2 decaying faster than 1 r N .
Soliton equations 4.1 Explicit solutions to the Novikov-Veselov equation
For simplicity, in this section we renormalize the Schrödinger operator as follows
with the standard
. The Moutard transformation defined by a function ω takes the form U → U + 2∂∂ log ω and the transformation of eigenfunctions is given by the same formulas (3) which are rewritten in terms of a complex coordinate as
Let us assume that the function ϕ depends also on the time t and satisfies the equations Hϕ = 0,
where∂ V = ∂U, ∂V * =∂U.
Then by straightforward computations we derive Proposition 3 (The extended Moutard transformation) 1 The system (12) is invariant under the extended Moutard transformation
If ω is a real-valued function, then the latter transformations preserve the property V * = V .
The compatibility condition for the system (12) is the system
reduces to the Novikov-Veselov equation. In the sequel, we consider only the cases when the above equality holds. Let us consider the flow on the space of functions p(z, t) holomorphic in z:
If p 1 (z, t) and p 2 (z, t) satisfy (14) then the functions ω = p 1 +p 1 and ϕ = p 2 +p 2 satisfy the system (12) with U = V = 0. The extended Moutard transformation differs from the original one by the dt-term:
Let us substitute ω = p 1 +p 1 , ϕ = p 2 +p 2 into Ψ s . By (14) and V = V * = 0 the integrand is a closed form which implies
Hence Θ z and Θz are defined by Ψ s and we have the following analog of Theorem 1:
where p 1 and p 2 are holomorphic functions of z which satisfy (14) . Let us consider the extended Moutard transformation of the operator H 0 = ∂∂ defined by ω 1 , and let θ 1 be the image of ω 2 under this transformation. Let H = ∂∂ + U is obtained by the iteration of the Moutard transformation defined by θ 1 . Then
Corollary 1 Let p 1 (z, t) and p 2 (z, t) be holomorphic functions in z which satisfy the equation (14) . Then the substitution of them into (15) gives a solution to the NovikovVeselov equation, which is rational in z,z, and t.
Remark 4. It is clear that the analogs of (13) may be derived for all equations from the Novikov-Veselov hierarchy and hence the explicit solutions to them, in particular, of the form (13) may be constructed.
σ-flows
Let us denote by H N the space of all harmonic polynomials p(z) + p(z) of the form
and denote by H 0 N the subspace σ 0 = 1. The flow (14) generates on H N a linear floẇ
Since σ 0 is constant along the flow we restrict these equations onto H 0 N and obtain a particular example of the linear system on σ 1 , . . . , σ N :
which generates a dynamical system on the n-th symmetric product S n C of C. Indeed, σ 1 , . . . , σ n are the elementary symmetric polynomials in the roots z 1 , . . . , z n of p(z):
and the integrable (even linear) evolution of σ induces a dynamical system on S n C. We call such a dynamical system on S n C a σ-system.
In contrast to the Calogero-Moser systems, σ-systems do not describe the evolution of singularities of a solution to the NV equation (as the Calogero-Moser flow does for the KdV equation), i.e. the evolution of particle-type solutions [7, 2] (see also §2.2). In fact,
• the Calogero-Moser systems and σ-systems are different in many respects.
For example, let us consider the simplest flow induced by (14) on H 3 :
The general solution is
However for a solution (x 1 (t), . . . , x n (t)) to the Calogero-Moser system the k-th elementary symmetric polynomial σ k (x 1 , . . . , x n ) is a polynomial in t of degree k and especially any function x k (t) is algebraic (see Corollary 3 on p. 118 in [2] ). So we may present examples when the solutions to the Calogero-Moser system and to a σ-system are related by a reparameterization of the time variable. For instance, such is the equilateral triangular solution to the Calogero-Moser system which corresponds to the solution −2
and a solution to the σ-system corresponding to p(z, t) = z 3 + 6t:
By Corollary 1, we have
• Given two solutions p 1 ∈ H 0 M and p 2 ∈ H 0 N of (16), by a substitution of e iλ 1 p 1 and e iλ 2 p 2 , where λ 1 and λ 2 are real-valued constants, into (15) we obtain solutions of the Novikov-Veselov equation. 2 Therefore to each pair of solutions to (16) there corresponds an (S 1 × S 1 )-family of solutions to the Novikov-Veselov equation.
We think that due to their natural appearance and not only because of their relation to the Novikov-Veselov equation which we did establish, σ-systems deserve a special investigation.
On the blow-up of solutions
For simplicity let us write the formula (15) as
(see the renomalization formula (11)). Due to the integration in (5) the function Φ(p 1 , p 2 ) is defined up to a constant which we take real-valued to obtain a real-valued potential U (z,z). By Proposition 3, the potential
Corollary 2 The potential (7) (see Theorem 2) is a stationary solution of the Novikov-Veselov equation.
On the other hand one can obtain solutions of the Novikov-Veselov equations which blow up in finite time:
Theorem 4 The solution U (z,z, t) of the Novikov-Veselov equation obtained form the polynomials p 1 = i z 2 , p 2 = z 2 + (1 + i)z using Proposition 4 and the integration constant C = −20 in (13) has the form
with H 1 = −12 24tx 2 + 12tx + 24ty 2 + 12ty + x 5 − 3x 4 y + 2x 4 − 2x 3 y 2 − 4x 3 y − 2x 2 y 3 − 60x 2 − 3xy 4 − 4xy 3 − 30x + y 5 + 2y 4 − 60y 2 − 30y ,
This solution decays at infinity as r −3 and obviously blows up for some t > 0.
The cubic superposition formula
In this Section we extend the algebraic superposition formula of L. Bianchi [4] for three initial solutions ω 1 , ω 2 , ω 3 of the Moutard equation to the case of the Novikov-Veselov equation. In fact, already the extended Moutard transformation (13) should be considered as an "extended superposition formula" which produces a new solution θ starting with two solutions ω, ϕ of the linear problem (12) with some initial potentials U , V , V * . In contrast to the well-known algebraic superposition formula for two solutions of the Sine-Gordon equation, (13) is not algebraic and requires a quadrature. This is typical for (2 + 1)-dimensional Bäcklund transformations. In this case an algebraic superposition formula exists for three initial solutions (cf. [9] for a detailed discussion of this phenomenon). Namely, as one may check, the following statement, obtained by L. Bianchi [4] for the case of the Moutard equation ϕ xy = u(x, y)ϕ, is also valid in our case:
Theorem 5 If ω 1 , ω 2 , ω 3 are three solution of (12) where
0 is some given solution of the Novikov-Veselov equation (1), and θ 1 , θ 2 (transformed solutions of (12) with new U 1 = U 0 − 2∂∂(ln ω 1 ), U 2 = U 0 − 2∂∂(ln ω 2 ) and respectively transformed V i , V * i -another set of solutions of the Novikov-Veselov equation) are obtained from ω 3 via (13) then there exists a unique solution θ of the 4th linear system (12) with the potentials U = U 12 , V = V 12 , V * = V * 12 such that θ is connected to θ 1 , θ 2 with the extended Moutard transformations (13). This θ is expressible with an algebraic formula
where ω 1 , ω 2 are obtained from ω 1 , ω 2 according to (13) .
It is useful to explain this statement and the "extended superposition formula" (13) by commutative rhombic and cubic diagrams ("Bianchi superposition cube") shown on Fig. 1 . The rhombic diagram in the left part of Fig. 1 shows two solutions ω 1 and ω 2 of (12) with the initial potential U 0 and the respective V 0 , V * 0 (which form a solution of the Novikov-Veselov equation (1)). Those ω i produce two new potentials U 1 , U 2 (and the respective V i , V * i )-two new solutions of the Novikov-Veselov equation (this is step one). The formula (13) then gives us (a set of) θ 1 -a solution of (12) with the potentials U 1 , V 1 , V * 1 as well as (12) with the potentials U 2 , V 2 , V * 2 . Using either θ 1 or θ 2 we can find the potentials
2 log θ 2 shown as the last fourth circle of the rhombic diagram (this is step two). As we see, this second step requires a quadrature and produces a free integration constant in the final potentials U 12 , V 12 , V * 12 . If we have done those two steps for each of the three pairs {ω 1 , ω 2 }, {ω 1 , ω 3 }, {ω 2 , ω 3 } shown on the right cubic diagram (and we have accumulated also three additional constants of integration), the Bianchi algebraic (18) gives a solution θ of (12) for the set U 12 , V 12 , V * 12 of the potentials obtained on step two. The formula (18) was proved in [4] for the case of the Moutard equation ω xy = U (x, y)ω. A straightforward computation shows that it preserves the dynamics of the potentials defined by (1), as Theorem 5 states.
Using (12) and (18) one can see that
• if we start with U 0 = V 0 = V * = 0 and take arbitrary harmonic polynomials as the initial solutions ω i , i = 1, . . . , N , then the potentials obtained on the first two steps are rational functions of (x, y, t). All subsequent potentials obtained on the next steps will be rational solutions of the Novikov-Veselov equation as well.
• If we know some large set {ψ} of solutions of the Schrödinger equation (∂∂ + U 0 )ψ = 0 for the initial potential U 0 , then using Theorem 5 we can construct the corresponding solutions of (∂∂ + U 12 )ψ = 0 using quadratures (on step two) if we simply set ω 3 = ψ in the superposition formulas (12) and (18) .
• This proves that we obtain potentials U 12 integrable on zero energy level if we start from some integrable U 0 , for example U 0 = 0.
A remark on periodic and quasiperiodic solitons
The similar construction can be applied to the case when the initial functions ω 1 and ω 2 satisfy the Schrödinger equation with the constant potential u = −k 2 :
It appears that the second iteration may give an integrable potential which is periodic and smooth. Let us expose one such an example. Let ω 1 = sin kx, ω 2 = sin(ax + by), a 2 + b 2 = k 2 , and the Moutard transformation defined by ω 1 maps ω 2 into θ 1 (modulo multiples of
): which is nonsingular for C large enough. An example of such a periodic potential u and the corresponding solution ψ 1 = 1/θ 1 for the constants C = 3, a = 0, b = 1, k = 1 is shown on Fig. 8, 9 , page 22.
As we see by iterating the Moutard transformation one may construct integrable two-dimensional non-singular periodic and quasiperiodic (when a/b is not rational) potentials. The complete basis of solutions for the constructed potentials u = −4U 12 may be obtained by applying (18) with ω 3 = exp i(px + qy) , p 2 + q 2 = k 2 . The spectral properties and the NV evolution of such potentials deserve an additional study. 
